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Abstract

We construct a noncommutative extension of the U (N) principal chiral model
with Wess—Zumino term and obtain an infinite set of local and non-local
conserved quantities for the model using the iterative procedure of Brezin
etal (1979 Phys. Lett. B 82 442). We also present the equivalent description as
a Lax formalism of the model. We expand the fields perturbatively and derive
zeroth- and first-order equations of motion, zero-curvature condition, iteration
method, Lax formalism, local and non-local conserved quantities.

PACS numbers: 11.10.Nx, 02.30.1k

During the last 20 years, the subject of classical and quantum integrability of field theoretic
models has attracted a great interest [1-17]. The integrability of a field theoretic model is
guaranteed by the existence of an infinite number of local and non-local conserved quantities
[2-17]. These conserved quantities appear due to the fact that the field equations of these
models can be expressed as a zero-curvature condition for a given connection.

There is an increasing interest in noncommutative geometry [18] due to its applications
in particle physics, string theory, differential geometry etc [19-24]. Over the last few years,
there has been an increasing interest in a noncommutative® extension of the field theories
[25-38]. The noncommutative version of the integrable field theoretic models is obtained

I On study leave from PRD (PINSTECH) Islamabad, Pakistan.
2 . ~ . . .
The noncommutative spaces are defined by the noncommutativity of the coordinates, i.e.

[x', x/1=1i6Y,
where #'/ known as deformation parameters are real constants.
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by replacing the ordinary product of fields in the action by their x-product [39]°. This
has shown that in general the noncommutativity of time variables leads to non-unitarity
and affects the causality of the theory [23, 24]. These noncommutative integrable models
reduce to ordinary models in the limit when the deformation parameter 6 vanishes. The
noncommutative extension of integrable models such as the principal chiral model with and
without a Wess—Zumino term, Liouville equation, sine-Gordon equation, Korteweg—de Vries
(KdV) equation, Boussinesq equation, Kadomtsev Petviashvili (KP) equation, Sawada—Kotera
equation, nonlinear Schrédinger equation and Burgers equation have been studied by different
authors by exploiting different techniques [25-37]. The noncommutative sigma model, in
particular the U (N) principal chiral model, has been investigated in [26, 27] and some results
regarding their integrability have been obtained. The ultraviolet property of the Wess—Zumino—
Witten (WZW) model has been studied in [25].

In this paper we present a noncommutative extension of the U (V) principal chiral model
with the Wess—Zumino term (nc-PCWZM). We extend the iterative procedure of Brezin et al
[17] for the nc-PCWZM and derive a set of associated linear differential equations. It has
been shown that the set of linear differential equations is equivalent to a noncommutative Lax
formalism of the model. We derive a series of local and non-local conserved quantities. We
expand the fields perturbatively and obtain zeroth- and first-order equations of motion, zero-
curvature condition, Lax formalism, iterative procedure of Brezin et al, local and non-local
conserved quantities.

The action for the principal chiral model with Wess—Zumino term is [14]

g/dzx Tr(8+g718_g)+§fc/‘d2x Tr(g ' dg)?,

with the constraint

1

gg =g 'g=1

This is referred to as the principal chiral Wess—Zumino model (PCWZM). The constants
and « are dimensionless and the field g (x*) is a function of the space-time coordinate x*. We
define conserved currents of PCWZM associated with the global symmetry of the model as

Je=(1£0)jr=—(1£K)g"" dzg.
The equation of motion and zero-curvature condition for the PCWZM are
d_j++d:j- =0, O je—j-+ [+ j-1=0,
and the above two equations give
0 Fe =~ F1 = 0],

where [j,, j_]1 = j+j_ — j_Jj+ is a commutator. The action for the principal chiral model
with the Wess—Zumino term in the noncommutative space is obtained by replacing ordinary

3 The product of two functions in a noncommutative space is defined as
0 ) )
(f *8) (1) = f(N)g(x) + —=8; f(x)d; 8(x) + ¥ (0).

The following properties hold in a noncommutative space:

(f*g)*h=fx(gxh), frl=f=1Ixf
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product of the fields with x-product, i.e.

g/dzx Tr(d,g ' 9_g) + glc / d’xTr(g™! * dg)f,

with the constraint

grgl=g"xg=1
This is referred to as the noncommutative principal chiral Wess—Zumino model (nc-PCWZM).
The field g(x¥) is a function of the space-time coordinate x* in the noncommutative space.
The conserved currents for the nc-PCWZM are

Ji=0x0ji=-1+0)g " *sg.
The current conservation equation is

0_Ji+3,% =0, (1)
and the zero-curvature condition is

0_j5 = 8:j  +1j5. J 1. =0, 2

where [j*, j* 1. = j% % j* — j* = j% is the commutator in the noncommutative space. The
noncommutative equations (1) and (2) can be combined to give

It is straightforward to derive an infinite set of local conserved quantities from equation (3).
We get a series of local conserved quantities

3 Tr(j1)) =0, (4)

where the numbers 7 are precisely the exponents of the Lie algebra of U (). These conserved
quantities are local functions of fields. The term local in this context is used for those conserved
currents which depend on fields and their derivatives but not on their integrals. This should
not be confused with the intrinsic non-locality of a noncommutative field theory emerging due
to derivatives of fields to an infinite order, multiplied with the deformation parameter 6. This
intrinsic non-locality due to noncommutativity persists in all definitions of conserved currents.
In the ordinary commutative case, these conserved currents can be used to construct quantities
which are in involution with each other and their spins are exponents of the Lie algebra modulo
the coxter number [16]. It is, however, not straightforward to see in the noncommutative case,
whether the conserved quantities obtained from equation (4) are in involution or not. The
involution of the local conserved quantities can only be established if we know the Poisson
bracket current algebra of nc-PCWZM. The canonical formalism is quite involved and does
not allow us simply to write the noncommutative Poisson current algebra of the model.

In the nc-PCWZM, we also encounter with an infinite number of another type of conserved
currents which are non-local as they depend non-locally on fields; i.e. they depend on fields,
their derivatives and their integrals as well. In order to derive the non-local conserved currents,
we define a covariant derivative in noncommutative space-time acting on some scalar field y,
such that

Dixy=(0x6)@x —ji*x) = [Ds,D_1.=0, &)
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where [Dy, D_], = Dy x D_ — D_ x D,. Now we suppose that there exist currents j ;(k) for
k=1,2,...,n which are conserved,

a_jr® 45,7 P =0, (6)
such that
Ji =4 x®. (7)
Further we have defined the (k + 1)th current as
Fie =
= (1 £0)dx® = jixx©. ®)

The current ]Tikm is also conserved which can be checked as follows:

O kD g g, Y — (9w D, 48, % D) x®
=Dy *0_+D_*d,)x®
=D, x Y+ D_x j10
= —[D,, D_1,x*™"
=0,

where Dy x 0 = 0 % Dy. Weset j3” = j1, ji” = 0 and x© = 1. Note that the
conservation of the kth current implies the conservation of the (k + 1) th current and as a result
an infinite number of conserved currents are obtained through induction.

The non-local conserved quantities in noncommutative space are now defined as

0 = / dy 50, y). 9)

o]

From equations (7) and (8), we get

Tx(k+1 - 1 Tx(k+1 T
-]6( +1) = %(]:(k+)+]i( + )) — 80X(k)+IC31X(k) _]B*X(k)’

Tx(k+1) Tx(k+1) x(k+1)
J1 -

=5 (/2 JE) = 8ix© +wcdon ™ = i x©,

where
Y T
x O, y) = / dz 50, 2).
—00

The second current is a non-local current; it depends non-locally on fields,
3

Ja2,y) = Jie, y) v fot, y) — Jot, ) * / dz ji(t, 2). (10)

—00

The first two conserved charges are

o =/dy Jo, ),
, (an

0 = /dy (j;(;, y)+Kjo(t, y) = jolt, ) *f

dz jy(t, z)> .
—00
These conserved quantities reduce to the conserved quantities obtained in [7] in the limit
when the deformation parameter approaches zero. In the limit when k — 0 the conserved
quantities (11) reduce to the conserved quantities obtained for the noncommutative principal
chiral model (nc-PCM) in [26].

We now relate the iterative procedure outlined above to the noncommutative Lax
formalism of the nc-PCWZM. From equations (7) and (8), we have

aiX(k) — iDiX(k_l)-
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Multiplying by A¥ and summing from k = 1 to k = oo, we obtain

o]

oo
> Worx®) =+ Dex* ).

k=1 k=1

As x© = 1, the summation on the right-hand side can be extended to k = 0. The associated
linear system for the nc-PCWZM can be written as

dpu(t, x;A) = A wu(t, x; 1), (12)
where the noncommutative fields A;m are
Ax(A) —A A * A Tk

s
J4s

AW = = Ar=— = 5
1—a(l+x) 1+2(1 — k)

and u(z, x; 1) is expanded as
o0
u(t,x; ) = Z)\kx(k).
k=0

The compatibility condition of the linear system for the nc-PCWZM is the x-zero-curvature
condition

[0, — At®, 9 — AW] =0 AW — g, AW + [A1» AP] =0.  (13)
Now we define Lax operators for the nc-PCWZM,

Ly =0, — A7, (14)
obeying the following equations:

0117 = [A0), L5,
The associated linear system (12) can be re-expressed in terms of space-time coordinates as
ou(t, x; \) =A6m*u(t,x;k), du(t, x; \) =AT(A)*u(t,x;k), (15)
with the noncommutative fields A5 and AT given by

EP = AW 2 2), AW = LA - A0,

The associated Lax operator Li* = 3y — A;* obeys the following Lax equation

BOL;(/\) — [Aa(k)’ Z;(’U]*.

This gives the time involution of the Lax operator related to the isospectral problem of the
model. We note that the Lax formalism can be generalized to its noncommutative version
without any constraints.

Let g be a solution of equation of motion; therefore, the associated linear system for the
fields g can be written as

oLit(t, x; A) = /if‘) *0i(t, x; L),

where the noncommutative fields A;(M are given by

a —)\, 2 )\. 2
At(A) — A* = ]*.
T I A1) STl —n’

The compatibility condition of the above linear system is

o
* %k
J+s

a

[0, — Ax® 9. — AW], = a_At® — 3, AP 4[4, A P] =0.  (16)
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The Darboux transformation relates the matrix function (¢, x; A) and u(z, x; A) by
A=uxv, (17)
and one can easily obtain
div =AM xv—vx AP, (18)

Equation (18) is also known as the Béacklund transformation.

An infinite number of non-local conserved quantities can also be generated from the Lax
formalism of nc-PCWZM. We assume the spatial boundary conditions such that the currents
fl vanish as x — Zoo. Equation (15) implies that u(¢, co; 1) are time independent. The
residual freedom in the solution for u (¢, co; 1) allows us to fix u (¢, o0; A) = 1 the unit matrix,
and then we are left with the time-independent matrix-valued function

0* (M) = u(t, 005 A). 19)

Expanding Q*(A) as power series in A gives an infinite number of non-local conserved
quantities

0* () =Y Mo, %Q“’” =0. (20)
k=0

For the explicit expressions of the non-local conserved quantities, we write (15) as

1 [ . .
u(t, x;n) =1- Ef dy (AP, y) — AP (t, y)) *u(t, yi 1. 1)

When we expand the field u (¢, x; 1) as power series in A as
o0
w(t, x;n) =y Au(t, x), (22)
k=0

and compare the coefficients of powers of A, we get a series of conserved non-local currents,
which upon integration give non-local conserved quantities (11). In the commutative case,
the local conserved quantities based on the invariant tensors, all Poisson commute with each
other and with the non-local conserved quantities. The classical Poisson brackets of non-local
conserved quantities constitute classical Yangian symmetry [16]. In the noncommutative case
we expect similar results but once we know the Poisson bracket algebra of the currents j?, we
shall be able to address the Poisson bracket algebra of these conserved quantities.

We now study the perturbative expansion of the field g(x*) and compute the equation
of motion and zero-curvature condition, Lax equation and the conserved quantities up to first
order in the deformation parameter #. We define the group-valued field g(x*) by [38]

1 19

g = exp, (%) ) and g =exp, (—3) ,

e, (B) =15 (5) 5 (5)
= —)=1+—(=)+=1(= +--
8 exP*(z n\2) 72 \3) #*¢

where g is in the Lie algebra of U (N). The components of Noether’s currents are

with

Ji=—0%g " *dsg,

or

T i 20 (1N 2 2
Ji=—(1£03009 — (1£0 5 (5) (0hpiee — 00.00.0) + 9 (67). 23)
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We expand ¢ as a power series in

¢ =" +09l!, Ji=7+e4, (24)
where ] )

R 1 T 1

J =0 £0a” =10l

S N TS S QU

= - g (LT - ST ST,

By substituting the value of j* from equation (24) into equations of motion (1) and (2), we
obtain

-7+ 0,71 =0,

a_j+a, M =0,

0 — o7+ [ 7] =0

70— 0, J+ [0 O [0 7] = 5 GO ) - [ 0T

It is clear from the above equations that currents are conserved up to first order in 6 but the
zero-curvature condition is spoiled. The perturbative expansion of the iterative construction is

FOD _ plOL 016y F0IkD g S0 _
T (k+1 0 L1 H F1k+1
Fllde _ plon ) _ plily ok o g FkD 4 g SED _ o

’

where

DL(:)]X[I](/() — 8ﬂ:X[]](k) _ ]TL(:)]XU]U()’

DI = Jl 060 L o, 0. o 0,10
From this analysis, it is obvious that the conservation of the kth current implies the conservation
of the (k + 1)th current up to first order in 6.

The zero-curvature condition (13) for the fields A*i()‘) in the perturbative expansion
becomes
5. A1) _ 8+A[O](x) + [A[O](k) A[o](»\)] -0 (25)
— + — + £ —_ ’

~ ~ ~ — - = i — - - -
o_ AN _ g A0 L (AN FO0] 4 [£100, A110] = —E(A[BJ(A)A[—O@ + A0 Z101)
i _ _ _
+5(0 A0, A1) 5, A0 A101G)), (26)

where the fields Ai)m) and ZQ]('\) are given by

s P LSy )

- K — K

(L A U (P )
1= x(1+%) T+ 21— )

The perturbative expansion of the linear system (12) is
duux, 1;0) = AP ulx, 15 0),
duux, 152 = ALl x, 1 2)

A1) i 1101 £101(0) 11010 x[0]1(h) 0 .
+<Ai +§(Aii A — ALV AY ))u”(x,t,/\).
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The compatibility conditions of first and second equations in the above set of equations are
(25) and (26), respectively. The perturbative expansion of the Lax operators (14) is expressed
as

—[1](1)
L(A) L[OJ(?») 0L,

=[1](})
where L[O](A) and L 4 are given by
= [1]()») =[

ZQ](A) =9 — Ag(:)](l)’ L:&: A ](A)’
obeying the following equations:
8 L[O]O\) [A[O]()L) L[O](A)] (27)

=113 [o1ey FHMH@® Z10) 701 Lo101) 700160, 71016 7 [01G)
L, =[AZ Ly "]+ [Ax" LY ]—E(Lﬁ AR + A2V LYY
L 210100, 7101 7010 o 7101k
+ z(ajFLH Yo, AP 4 g, AW 5 [0 (28)

The Lax equations (27) and (28) are equivalent to (25) and (26), respectively.
By substituting the value of j* from equation (24) into equation (4), we find the following
zeroth-order and first-order local conservation laws,

9+ Tr(jY%) = 0,

3¢Tr( =017 [1])

o2 (1) =

o (72 L i]i”]ﬂ[ii” JOT+ HFOLFOLY, FO) =0,
8 Tr(j) =

0]3 71 0]2 =0 0] =[O0 0] =[0]2 0 0
3 Tr(j ][:tl éJL] JEE[GE, 79 + £ TP R, 7)) = o.

Similarly, we can expand the iterative procedure perturbatively up to first order in the
deformation parameter 6. The first two non-local conserved currents are

7oy = J5 @,
(1)[1](t y) = “J(t y),

- —_ y —

FAO 3y = O, ) 40 y) — 79, ) / 79, 2) dz,
—00

= - y

JPMG, vy = @y + i@, y) — 0@, y) / iV, 2)dz

- v
— 7,y / jl(t, z) dz + total derivative,
—o0

and the corresponding conserved quantities are

o0

QI = / iV, y)dy,
—00

A1 _ * (1]

0 —/ Jo (@, y)dy,
—00

o1 =[ ( e, y) + 70, ) — 70, y)/ [O](t,z)dz) dy,
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= ad = = g -
oo =/ (jﬁ”(t,y)+;<jg”(t,y)—j[f](t,y)/ iyke. z)dz
—00 —00

_ Yy
- jEO](t,y)f jol, 2) dz) dy.

Note that the first-order correction to the first non-local conserved quantity is an integral of
non-local function of the fields.

In summary, we have extended the U (V) principal chiral model with the Wess—Zumino
term in noncommutative space and have shown that the nc-PCWZM preserves its integrability
without any extra constraint. A set of nontrivial local and non-local conserved quantities are
calculated for the nc-PCWZM. We check the integrability of the model at a perturbative level
and write the zeroth- and first-order equations of motion, zero-curvature condition, local and
non-local conserved quantities. Similar noncommutative extension can also be investigated
for the supersymmetric principal chiral model and the WZW model. Another interesting
direction to pursue is to investigate x-Poisson bracket algebra of the currents of nc-PCWZM
and to check the involution of local conserved quantities.
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